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Quantum annealing is an innovative idea and method for avoiding the increase of the calculation
cost of the combinatorial optimization problem. Since the combinatorial optimization problems are
ubiquitous, quantum annealing machine with high efficiency and scalability will give an immeasur-
able impact on many fields. However, the conventional quantum annealing machine may not have
a high success probability for finding the solution because the energy gap closes exponentially as a
function of the system size. To propose an idea for finding high success probability is one of the
most important issues. Here we show that a degenerate two-level system provides the higher success
probability than the conventional spin-1/2 model in a weak longitudinal magnetic field region. The
physics behind this is that the quantum annealing in this model can be reduced into that in the
spin-1/2 model, where the effective longitudinal magnetic field may open the energy gap, which
suppresses the Landau–Zener tunneling providing leakage of the ground state. We also present the
success probability of the Λ-type system, which may show the higher success probability than the
conventional spin-1/2 model.
I. INTRODUCTION
Quantum annealing is an innovative idea and method
for avoiding the increase of the calculation cost of the
combinatorial optimization problem by using the quan-
tum effect [1–4]. Since the combinatorial optimization
problems are ubiquitous in the real social world, the
spread of quantum annealing machine with high effi-
ciency and high scalability will give an immeasurable im-
pact and great benefit on many fields, such as an industry
including drug design [5], financial portfolio problem [6],
and traffic flow optimization [7]. After the commercial-
ization of superconducting quantum annealing machine
by D-Wave Systems inc. [8], hardware has been investi-
gated and developed [9–13].
However, there are bottlenecks for implementing scal-
able quantum annealing machine; for the conventional
and scalable quantum annealing machine may not have
a high success probability for finding the solution of a
combinatorial optimization problem because of the emer-
gence of the first order phase transition, where the energy
gap between ground state and the first exited state closes
exponentially as a function of the system size [4]. In this
case, it necessitates an exponentially long annealing time
for finding the solution of the problem [14–16]. In the
case of the second oder phase transition, on the other
hand, an annealing time for finding the solution may
scales polynomially as a function of the system size [17].
To propose an innovative idea for finding high suc-
cess probability is one of the most important and chal-
lenging issue in the field of quantum annealing. One of
the approaches for obtaining the high success probabil-
ity is to engineer the scheduling function for the driv-
ing Hamiltonian and the problem Hamiltonian, such as a
monotonically increasing scheduling function satisfying
the local adiabatic condition [18], the reverse quantum
annealing [19] implemented in D-wave 2000Q [20], in-
homogeneous sweeping out of local transverse magnetic
fields [21, 22], and a diabatic pulse application [23]. An-
other is to add an artificial additional Hamiltonian for
suppressing the emergence of the excitations with avoid-
ing the slowing down of annealing time, which is called
shortcuts to adiabaticity by the counterdiabatic driv-
ing [24–27], and to add an additional Hamiltonian for
avoiding the first order phase transition [17, 28, 29]. In
this paper, we study the possibility of other approach: to
employ a variant spin, such as a qudit, in the quantum
annealing architecture.
Recently, two of the authors have studied the quan-
tum phase transition in a degenerate two-level spin sys-
tem, called the quantum Wajnflasz–Pick model, where
internal states are coupled all-to-all with one coupling
strength between all the different energy internal states
as well as the other coupling strength between all the
same energy internal states [30]. The phase digram in
that study suggests that this model shows a several kinds
of phase transition while annealing; single or double first-
order phase transitions as well as a single second-order
phase transition, depending on an internal state coupling
parameter [30]. The quantum annealing may be con-
trolled by an internal state tuning parameter. However,
the study is based on the static statistical approach us-
ing the mean-field theory, because only the order of the
phase transition has been interested in. Therefore, the
enhancement of the success probability for quantum an-
nealing based on degenerate two-level systems is not clear
yet. Furthermore, they employed a fully-connected uni-
form interacting system, and it is unclear whether their
idea works that a double (or even-number of) first-order
phase transition while annealing would bring the system
back into the ground state at the end of the annealing,
because the even number of the Landau–Zener tunneling
may happen with respect to the ground state.
In the present paper, we clarify the success probabil-
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2ity of the quantum annealing in the quantum Wajnflasz–
Pick model, focusing on (i) the Schro¨dinger dynamics, (ii)
eigenenergies, and (iii) non-uniform effects of the spin-
interaction as well as the longitudinal magnetic field. We
find that the quantum Wajnflasz–Pick model is more ef-
ficient than the conventional spin-1/2 model in the weak
longitudinal magnetic field region as well as in the strong
coupling region between degenerate states. We also find
that the quantum Wajnflasz–Pick model is reducible into
a spin-1/2 model, where effect of the transverse magnetic
field in the original Hamiltonian emerges in the reduced
Hamiltonian not only as the effective transverse magnetic
field but also as the effective longitudinal magnetic field.
As a result, this model may provide the higher success
probability in the case where the effective longitudinal
magnetic field opens the energy gap between the ground
state and the first excited state. We also evaluate the
success probability in another variant spin, a Λ-type sys-
tem, which has three internal levels with only two internal
state couplings. This model also shows the higher success
probability than the conventional spin-1/2 model in the
weak magnetic field region.
A multilevel system is ubiquitous, which can be seen,
for example, in degenerate two-level systems in atoms [31,
32], Λ-type systems in the superconducting circuits [33,
34] as well as those in the nitrogen-vacancy centre in
diamond [35]. We hope that insights of our results in
the degenerate two-level system and knowledge of their
reduced Hamiltonian inspire and promote further study
as well as future engineering of quantum annealing.
II. QUANTUM WAJNFLASZ–PICK MODEL
The quantum Wajnflasz–Pick model is a quantum ver-
sion of the Wajnflasz–Pick model [36], which can de-
scribe one of the interacting degenerate two-level sys-
tems. In the language of the quantum annealing, the
time-dependent Hamiltonian of this model is given by [30]
Hˆ(s) = sHˆz + (1− s) Hˆx, (1)
where s ≡ t/T is the time t ∈ [0, T ] scaled by the anneal-
ing time T . The problem Hamiltonian with the number
of spin N and with a local longitudinal field hzi is given
by
Hˆz ≡ −
N∑
i 6=j
Jij τˆ
z
i τˆ
z
j −
N∑
i
hzi τˆ
z
i , (2)
and the driver Hamiltonian denotes
Hˆx ≡ −
N∑
i
hxi τˆ
x
i , (3)
where hxi (≥ 0) is the local transverse magnetic field.
(Schematic picture of this model is shown in Fig. 1.)
ω
1 1
FIG. 1. Schematic setup of an interacting degenerate two-
level system, called the quantum Wajnflasz–Pick model.
In the quantum Wajnflasz–Pick model, the spin oper-
ator τˆz is given by [30]
τˆz ≡ diag(+1, · · · ,+1︸ ︷︷ ︸
gu
,−1, · · · ,−1︸ ︷︷ ︸
gl
), (4)
where gu(l) is the number of the degeneracy of the up-
per (lower) states. The spin-operator τˆx in the driver
Hamiltonian is given by
τˆx ≡ 1
c
(
A(gu) 1(gu, gl)
1(gl, gu) A(gl)
)
, (5)
where A(l) is a (l× l) matrix with the off-diagonal term
ω, given by
A(l) ≡

0 ω · · · ω
ω∗ 0
. . .
...
...
. . .
. . . ω
ω∗ · · · ω∗ 0
 . (6)
Here, ω is a parameter of the internal transition between
the degenerated upper/lower states. The matrix 1(m,n),
which gives the transition between the upper and lower
states, is the (m×n) matrix, all the elements in which is
unity. The constant c is the normalization factor, where
the maximum eigenvalue is normalized to be +1, so as
to be equal to the maximum eigenvalue of τˆz. If we re-
place τˆx,z with the Pauli matrices σˆx,z, then the Hamil-
tonian Hˆ(s) describes a conventional spin-1/2 model for
the quantum annealing [1].
In the following, for the consistency to the earlier
work [30], we consider a uniform transverse field hxi ≡ 1,
and also take the parameter of the internal transition
to be real ω = ω∗ with ω > −1. In the case where
(gu, gl) = (2, 1), we have
τˆz ≡
1 0 00 1 0
0 0 −1
 , τˆx ≡ 1
c
0 ω 1ω 0 1
1 1 0
 , (7)
with c = (ω +
√
8 + ω2)/2.
3III. SCHRO¨DINGER DYNAMICS
In order to numerically calculate the success proba-
bility of the quantum annealing, we employ the Crank–
Nicholson method [37] for solving the Schro¨dinger equa-
tion
i
d
dt
|Ψ(t)〉 = Hˆ(t)|Ψ(t)〉. (8)
In this method, the time-evolution of the wavefunction is
calculated by using the Cayley’s form [37]
|Ψ(t+ ∆t)〉 = 1− iHˆ∆t/2
1 + iHˆ∆t/2
|Ψ(t)〉. (9)
Although the inverse matrix is needed, this method con-
serves the norm of the wave-function and is second-order
accurate in time [37].
We first consider the case where the longitudinal mag-
netic field is uniform hzi ≡ h, which is consistent with
the earlier work [30]. For example, in the case where
(ω, h) = (0.8, 0.02) and (−0.8,−0.02) for (gu, gl) = (2, 1),
the time-dependence of population of the ground state of
the problem Hamiltonian, given by n0 ≡ |〈Ψ(t)|Ψ0(T )〉|2,
clearly shows that the ground state population of the
problem Hamiltonian in the quantum Wajnflasz–Pick
model is greater than that in the spin-1/2 model (Pan-
els (a) and (b) in Fig. 2). Here, |Ψ0(T )〉 is the ground
state of the problem Hamiltonian, and |Ψ(t)〉 is the wave
function obtained from the time-dependent Schro¨dinger
equation. In the case where (ω, h) = (0.8,−0.1) and
(−0.8, 0.1) for (gu, gl) = (2, 1), on the other hand, the
ground state population of the problem Hamiltonian in
the quantum Wajnflasz–Pick model is less than that in
the spin-1/2 model (Panels (c) and (d) in Fig. 2).
Compare the success probability of the quantum
Wajnflasz–Pick model, P ≡ |〈Ψ(T )|Ψ0(T )〉|2, with that
of the spin-1/2 model denoted as P1/2, where |Ψ(T )〉
is the final state obtained from the time-dependent
Schro¨dinger equation. In almost all regions in the ω-
h plane, efficiencies of both models are almost the same,
where the ratio of the success probability of the quantum
Wajnflasz–Pick model and that of the spin-1/2 model is
almost unity (Fig. 3). On the other hand, in the regime of
the weak longitudinal magnetic field h, we can find higher
or lower efficiency regions in the quantum Wajnflasz–Pick
model, compared with the conventional spin-1/2 model.
In the case where (gu, gl) = (2, 2), where the numbers
of upper and lower states are equal, the success prob-
ability of the quantum Wajnflasz–Pick model is almost
equal to that of the conventional spin-1/2 model (Panel
(a) in Fig. 4). In the case where (gu, gl) = (3, 2), the suc-
cess probability of the quantum Wajnflasz–Pick model is
almost equal to that of the case where (gu, gl) = (2, 1),
where the differences between the number of the upper
states and that of lower states are the same in both cases
(Fig. 3 and Panel (b) in Fig. 4).
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FIG. 2. Population n0 of the ground state of the prob-
lem Hamiltonian Hˆz in the quantum Wajnflasz–Pick model
and that of the conventional spin-1/2 model, where n0 ≡
|〈Ψ(t)|Ψ0(T )〉|2. The scaled time s is given by s ≡ t/T .
We employed the number of spin N = 4 both in the quan-
tum Wanjnflasz–Pick model and in the spin-1/2 model. We
used the parameters (gu, gl) = (2, 1), Jij = 1/N , h
x
i = 1 and
T = 10.
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FIG. 3. Success probability of a quantum Wajnflasz–Pick
model P scaled by that of the conventional spin-1/2 model
P1/2 as a function of longitudinal magnetic field h and the
coupling strength ω between degenerate states. The parame-
ters are the same as those used in Fig. 2.
IV. EIGENVALUES
Eigenvalue spectrum of the instantaneous Hamilto-
nian may help to understand these higher or lower suc-
cess probabilities of the quantum Wajnflasz–Pick model
than that of spin-1/2 model, although eigenvalues of
the instantaneous Hamiltonian shows tangled spaghetti
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FIG. 4. Success probability of a quantum Wajnflasz–Pick
model P scaled by that of spin-1/2 model P1/2. We consider
the following degeneracy case: (gu, gl) = (2, 2) in Panels (a)
and (gu, gl) = (3, 2) in Panels (b). We used N = 4, Jij = 1/N ,
hxi = 1 and T = 10.
structures (Fig. 5). For example, in the case where
(ω, h) = (0.8,−0.1), the energy gap between the ground
state and the first excited state clearly closes once, which
causes the low success probability (Panel (c) in Fig. 5).
In the case where (ω, h) = (0.8, 0.02), the ground state
and the first excited state are finally merged at the an-
nealing time, where the degeneracy would cause the high
success probability (Panel (a) in Fig. 5). However, ac-
cording to the following discussion, it will be found that
the latter explanation would not be correct in the case
where (ω, h) = (0.8, 0.02). From panels (b) and (d) in
Fig. 5, many crossing of eigenvalues emerges. It sug-
gests that there are no matrix elements in some states,
and we may find symmetry behind the present quantum
Wajnflasz–Pick model, where the Hamiltonian would be
block diagonalized by a unitary operator Uˆ .
For example, in the case where (gu, gl) = (2, 1), the
single-spin Hamiltonian in the quantum Wajnflasz–Pick
model is decomposable, where the irreducible represen-
tation is given by
Uˆ−1Hˆ(s)Uˆ =
 −h+(s) 0 −2√2h′(s)0 −h−(s) 0
−2√2h′(s) 0 hzs
 ,
(10)
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FIG. 5. Eigenenergies of the instantaneous Hamiltonian in
the quantum Wajnflasz–Pick model (blue) and those in the
reduced spin-1/2 model (black) as a function of s ≡ t/T . The
parameters are the same as those in Fig. 2.
for arbitrary values of s, by using the unitary operator
Uˆ =
 1√2 1√2 01√
2
− 1√
2
0
0 0 1
 , (11)
where h±(s) ≡ hzs±2ωh′(s), and h′(s) ≡ (1−s)hx/(2c).
As a result, we may reduce a quantum annealing problem
in the single-spin quantum Wajnflasz–Pick model into
that of the spin-1/2 model, by changing the longitudinal
and transverse magnetic fields, the Hamiltonian of which
is given in the form
Hˆ(s) = −[hzs+ ωh′(s)]σˆz − 2
√
2h′(s)σˆx − ωh′(s).
(12)
Since the initial ground state of the single-spin Hamil-
tonian is given by |Ψ(s = 0)〉 ∝ (c/2, c/2, 1)T in the
original quantum Wajnflasz–Pick model, this state can
be mapped to Uˆ |Ψ(s = 0)〉 ∝ (c/√2, 0, 1)T. It indicates
that the initial ground state Uˆ |Ψ(s = 0)〉 can be also pro-
jected to the Hilbert space of the reduced Hamiltonian
Hˆ(s).
This reduction of the single-spin problem in the case
where (gu, gl) = (2, 1) can be generalized to an inter-
acting N -spin problem (Fig. 6). A quantum annealing
problem of the original quantum Wajnflasz–Pick model
is reduced into that of the spin-1/2 model, given in the
form
Hˆ(s) =s
−∑
i<j
Jijσ
z
i σ
z
j
−∑
i
hzeff,i(s)σ
z
i
−
∑
i
hxeff,i(s)σ
x
i −
∑
i
ωh′i(s), (13)
5ω
1 1
(a)
(b)
FIG. 6. Schematics of an original quantum Wajnflasz–Pick
model (a) and its reduced model (b).
where
hzeff,i(s) ≡hzi s+ ωh′i(s), (14)
hxeff,i(s) ≡2
√
2h′i(s), (15)
with
h′i(s) ≡
(1− s)hxi
2c
. (16)
As in the single-spin case, the initial ground state of the
original N -spin quantum Wajnflasz–Pick model can be
also projected to the Hilbert space of the reduced Hamil-
tonian (13). The coupling Jij in the reduced Hamilto-
nian is the same as that of the original Wajnflasz–Pick
model. The effective longitudinal magnetic field in the
reduced Hamiltonian also reaches the same value at the
end of the annealing as that of the original Wajnflasz–
Pick model: hzeff,i(s = 1) = h
z
i . Eigenvalues of the re-
duced spin-1/2 model exactly traces some of eigenvalues
in the original Wajnflasz–Pick model (Fig. 4). The time-
dependence of the population of the ground state of the
problem Hamiltonian shows the completely same behav-
ior in the reduced model as well as in the original model
(Fig. 2).
This effective model clearly explains behavior of suc-
cess probability of the quantum Wajnflasz–Pick model
shown in Fig. 3. Note that the coefficient c is a posi-
tive real number such that the maximum eigenvalue of
τx is unity, and we take hxi = 1. Then, h
′
i(s) ≥ 0 always
holds during the annealing time 0 ≤ s ≤ 1. In the case
where the longitudinal magnetic field hzi is very large,
|hzi |  |ω|h′i(0), the effect of the original longitudinal
magnetic field hzi is dominant compared with the effec-
tive additional term ωh′i(s) except at the very early stage
of the annealing s |ωh′i(0)/hzi |. In this case, the prob-
lem Hamiltonian in the reduced model is almost the same
as that in the conventional spin-1/2 model (Eq. (2) with
replacing τˆz with σˆz). As a result, the success probabil-
ity of the quantum Wajnflasz–Pick model is almost the
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FIG. 7. Excited state energies measured from the ground
state energy of the instantaneous Hamiltonian in the reduced
model (red) and those in the conventional spin-1/2 model
(blue). The parameters are the same as those in Fig. 2.
same as the conventional spin-1/2 model, which provides
P ' P1/2.
In the case where the original longitudinal magnetic
field hzi is not large, the effective additional longitudi-
nal magnetic field ωh′i(0) cannot be neglected compared
with hzi . When the effective additional field is in the
same direction as the original longitudinal field, the total
effective longitudinal magnetic field hzeff,i(s) is enhanced,
which opens the energy gap between the ground state and
the first excited state (Panels (a) and (b) in Fig. 7). This
region is given by the condition ωhzi > 0, which is consis-
tent with the result shown in Fig. 3. As a result, the suc-
cess probability of the quantum Wajnflasz–Pick model
become superior to that of the conventional spin-1/2
model. When the effective additional field is in the op-
posite direction to the original longitudinal field, the to-
tal effective longitudinal magnetic field hzeff,i(s) is dimin-
ished, which closes the energy gap between the ground
state and the first excited state (Panels (c) and (d) in
Fig. 7). This region is given by the condition ωhzi < 0,
which is consistent with the result shown in Fig. 3. As a
result, the success probability of the quantum Wajnflasz–
Pick model become inferior to that of the conventional
spin-1/2 model.
Behavior of success probability is also explained by the
reference of the annealing time [38]
T ≡ maxs
[
b(s)
∆(s)2
]
, (17)
60
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FIG. 8. Instantaneous reference annealing time T ∗ ≡
b(s)/∆2(s) as a function of the scaled time s. The param-
eters are the same as those in Fig. 2.
where
b(s) ≡
∣∣∣∣∣〈Ψ1(s)|dHˆ(s)ds |Ψ0(s)〉
∣∣∣∣∣ , (18)
∆(s) ≡E1(s)− E0(s). (19)
Here, |Ψ0(1)(s)〉 and E0(1)(s) are the wave functions
and eigenenergies of the ground (first-excited) state with
respect to the instantaneous Hamiltonian, respectively.
Annealing machine needs the annealing time T much
larger than T . Let T ∗ ≡ b(s)/∆2(s) be an instantaneous
reference time of the annealing. The maximum value of
this time T ∗ in the reduced Wajnflasz–Pick model given
in (13) is suppressed compared with that of the conven-
tional spin-1/2 model, where the effective additional field
ωh′i(s) is in the same direction as the original longitudi-
nal field hzi (Panels (a) and (b) in Fig. 8). It is consistent
with the case where the quantum Wajnflasz–Pick model
is more efficient than the conventional spin-1/2 model
in the region where ωhzi > 0 (Fig. 3). The maximum
value of T ∗ in the effective Wajnflasz–Pick model has
larger values than that of the spin-1/2 model, where the
effective additional field ωh′i(s) is in the opposite direc-
tion to the original longitudinal field hzi (Panels (c) and
(d) in Fig. 8). It is consistent with the case where the
quantum Wajnflasz–Pick model is less efficient than the
conventional spin-1/2 model in the region where ωhzi < 0
(Fig. 3).
V. RANDOM COUPLING
In the random spin-spin coupling case, where Jij are
randomly generated by the gaussian distribution func-
−1 0 1
ω
−1.0
−0.5
0.0
0.5
1.0
h
(c) (gu, gl) = (2, 1)
0.5
0.8
1.1
1.4
FIG. 9. Success probability of a quantum Wajnflasz–Pick
model P scaled by that of spin-1/2 model P1/2 in a randomly
generated coupling strength case. We employed the coupling
strength Jij randomly generated from the gaussian distribu-
tion function, where the mean is zero and the variance is 1/N .
We used N = 4, hxi = 1 and T = 10. The success probabilities
P and P1/2 are averaged values of 100 sampling in each data
point.
tion [39]
P (Jij) =
√
N
2pi
exp
(
−N
2
J2ij
)
, (20)
the density plot of the mean-value of the success proba-
bility looks similar to the uniform coupling case, although
the maximum value of the success probability in the plot-
ting range is suppressed (Fig. 9). (The minimum value of
the success probability is, on the other hand, increased.)
In the region where the higher success probability may
be obtained than the conventional spin-1/2 model (the
first and third orthants in the ω-h plane), the variances
of the success probability of the quantum Wajnflasz–Pick
model are almost ranged from 0.03 to 0.06. In the region
where the lower success probability may be obtained than
the conventional spin-1/2 model (the second and forth
quadrature in the ω-h plane), the variances of the suc-
cess probability of quantum Wajnflasz–Pick model are
almost ranged from 0.02 to 0.15. (In the spin-1/2 model,
the variance of the success probability is almost within
the range from 0.03 to 0.06 in all the orthants.)
The discussion shown above is about uniform longi-
tudinal magnetic field cases. In the following, we dis-
cuss the case of random longitudinal magnetic fields hzi
in addition to the random interactions Jij . The success
probabilities P and P1/2 are almost equal in the weak
internal state coupling case (ω = ±0.1 in Fig. 10). In the
strong internal state coupling case (ω = ±1 in Fig. 10),
the distribution is broaden. Although we can find cases
where the conventional spin-1/2 model is superior to the
quantum Wajnflasz–Pick model, we can also find many
cases where the quantum Wajnflasz–Pick model is supe-
rior to the conventional spin-1/2 model, where the suc-
cess probability is close to the unity compared with the
70.0 0.5 1.0
P1/2
0.0
0.5
1.0
P
ω = +0.1
ω = −0.1
ω = +1
ω = −1
FIG. 10. Success probability P of the quantum Wajnflasz–
Pick model vs. success probability P1/2 of the conventional
spin-1/2 model. We take 1000 samples of problem hamil-
tonian with the random coupling strength Jij as well as the
random longitudinal magnetic field hzi , both of which are gen-
erated from the standard Gaussian distribution. For each
problem set, we consider four cases ω = ±0.1 and ±1. We
used (gu, gl) = (2, 1), N = 4, h
x
i = 1 and T = 10.
conventional spin-1/2 model.
In these random coupling cases, it may not be defi-
nitely concluded that the quantum Wajnflasz–Pick model
is always more efficient than the conventional spin-1/2
model. The variance is relatively large (Fig. 9), and
there are cases where the quantum Wajnflasz–Pick model
is inferior to the conventional spin-1/2 model (Fig. 10).
However, we can find many cases where the quantum
Wajnflasz–Pick model is possibly more efficient than the
conventional spin-1/2 model. In the quantum Wajnflasz–
Pick model and its reduced model, we have chances to
find a better solution of the combinatorial optimization
problem. In real annealing machines, we can extract a
better solution after performing many sampling experi-
ments by tuning ω.
VI. DISCUSSION
In the case where (gu, gl) = (2, 1), the spin matrix
in the quantum Wajnflasz–Pick model is represented
by a (3 × 3)-matrix, which suggests that the quantum
Wajnflasz–Pick model in this case may be mapped into
the model represented by the spin-1 matrices given by
Sˆx =
1√
2
0 1 01 0 1
0 1 0
 , Sˆy = i√
2
0 −1 01 0 −1
0 1 0
 , Sˆz =
1 0 00 0 0
0 0 −1
 .
(21)
Indeed, after we interchange elements of second and third
rows in the spin matrices defined in Eqs. (4) and (5) in
the case where (gu, gl) = (2, 1), as well as we interchange
elements of second and third columns, simultaneously, we
find the following maps
τˆz 7→ qˆz ≡ 2√
3
Qˆ3z
2−r2 +
1
3
, (22)
τˆx 7→ qˆx ≡ 1
c
[
√
2Sˆx + <ωQˆx2−y2 −=ωQˆxy], (23)
where we have introduced quadrupolar operators [40, 41]
Qˆ3z
2−r2 ≡ 1√
3
[2(Sˆz)2 − (Sˆx)2 − (Sˆy)2], (24)
Qˆx
2−y2 ≡(Sˆx)2 − (Sˆy)2, (25)
Qˆxy ≡SˆxSˆy + SˆySˆx, (26)
and <ω (=ω) is the real (imaginary) part of ω. Since
[qˆz, (Sˆx)2] = 0 and [qˆx, (Sˆx)2] = i(=ω/c)Sˆx hold, we find
that (Sˆx)2 is the operator of the conserved quantity in the
case where the parameter ω is a real number. The cou-
pling of τˆzi τˆ
z
j(6=i) is mapped into the interaction qˆ
z
i qˆ
z
j(6=i),
which is a kind of the biquadratic interaction with respect
to the spin. In short, the interacting quantum Wajnflasz–
Pick model with (gu, gl) = (2, 1) can be mapped into the
spin-1 model with an artificial biquadratic interaction.
In particular, in the case where ω ∈ R, there is the hid-
den symmetry related to (Sˆx)2, which indicates that the
quantum Wajnflasz–Pick model is reducible in this case.
It is general that an interacting quantum Wajnflasz–
Pick model is reducible to the conventional spin-1/2
model. It holds for an arbitrary number of the degen-
eracy (gu, gl) and at an arbitrary time s, which can be
proven in the case where the parameter ω is a real num-
ber and the condition ω > −1 holds. In Supplemen-
tary Material, we show that the Hamiltonian of the in-
teracting quantum Wajnflasz–Pick model with arbitrary
(gu, gl) can be projected to the spin-1/2 model, and the
initial ground state in the original quantum Wajnflasz–
Pick Hamiltonian is also projected to the reduced Hilbert
space. It indicates that the quantum annealing in the
quantum Wajnflasz–Pick model can be always described
by the reduced Hamiltonian.
As shown in Supplementary Material, this projec-
tion holds not only in the 2-body interacting quantum
Wajnflasz–Pick model, but also in the N -body interact-
ing model. It indicates that if the quantum Wajnflasz–
Pick model is embedded into the Lechner–Hauke–Zoller
(LHZ) architecture [42, 43], it can be also projected
into the LHZ architecture composed of the spin-1/2
model, where the effective additional magnetic fields may
emerge. The present quantum Wajnflasz–Pick model is a
degenerate two-level system in the presence of the trans-
verse magnetic field. The possibility of the implemen-
tation of the degenerate two-level system has been dis-
cussed for the D2 line of
87Rb [31, 32].
The quantum Wajnflasz–Pick model is one of the qu-
dit models, which is similar to the Λ-type system. The
question naturally arises whether the Λ-type system also
8shows the higher success probability than the conven-
tional spin-1/2 model. The spin matrix of the Λ-type
system we employ here is given by
τˆz =
0 0 00 1 0
0 0 ε
 , τˆx = 1
c
0 κ 0κ 0 1
0 1 0
 , (27)
where we take |ε| ≤ 1 and c ≡ √1 + κ2 is a normalization
factor so as the maximum eigenvalues of τˆx,z are to be
unity. The Hamiltonian of the quantum annealing with
the Λ-type system is given by Eqs. (1), (2), and (3),
where τˆx,z are replaced with those given in (27). The
success probability in the Λ-type system is found to be
higher than that in the conventional spin-1/2 model when
ε is small in the weak longitudinal magnetic field region,
which is similar to the case of the quantum Wajnflasz–
Pick model (Panels (a) and (b) in Fig. 11). When 
is large, on the other hand, the success probability is
drastically suppressed (Panel (c) in Fig. 11).
To summarize, we have demonstrated that qudit mod-
els, such as the quantum Wajnflasz–Pick model as well
as the Λ-type system, may provide the higher success
probability than the conventional spin-1/2 model in the
weak magnetic field region. We have analytically shown
that the quantum Wajnflasz–Pick model can be reduced
into the spin-1/2 model, where effect of the transverse
magnetic field in the original Hamiltonian emerges as the
effective additional longitudinal magnetic field in the re-
duced Hamiltonian, which possibly opens the energy gap
between the ground state and the first excited state in
the reduced Hamiltonian. Although the Λ-type system
also shows the higher success probability than the con-
ventional spin-1/2 model, the effect of dark states (never
populated states) on the quantum annealing, and the re-
duction to the spin-1/2 model would be important issues
for future study.
VII. CONCLUSIONS
We studied the performance of the quantum annealing
constructed by one of the degenerate two-level systems,
called the quantum Wajnflasz–Pick model. This model
shows the higher success probability than the conven-
tional spin-1/2 model in the region where the longitudinal
magnetic field is weak. The physics behind this is that
the quantum annealing of this model can be reduced into
that of the spin-1/2 model, where the effective longitudi-
nal magnetic field in the reduced Hamiltonian may open
the energy gap between the ground state and the first
excited state, which gives rise to the suppression of the
Landau–Zener transition. The reduction of the quantum
Wajnflasz–Pick model to the spin-1/2 model is general
at an arbitrary time as well as in an arbitrary number
of degeneracies. We also demonstrated that the Λ-type
system also shows the higher success probability than the
conventional spin-1/2 model in the weak magnetic field
−1.0
−0.5
0.0
0.5
1.0
h
(a) ǫ = 0
−1.0
−0.5
0.0
0.5
1.0
h
(b) ǫ = 0.1
−1.0 −0.5 0.0 0.5 1.0
κ
−1.0
−0.5
0.0
0.5
1.0
h
(c) ǫ = 0.9
0.2
0.4
0.6
0.8
1.0
1.2
1.4
P/P1/2
0.0
0.2
0.4
0.6
0.8
1.0
1.2
1.4
1.6
0.0
0.2
0.4
0.6
0.8
1.0
ε
κ 1
0
1
FIG. 11. Success probability P of the Λ-type system in the
h-κ plane, compared with that of the conventional spin-1/2
model P1/2. The number of spin both in the Λ-type system
and in the spin-1/2 model is N = 4. We used the parameter
sets Jij = 1/N , h
x
i = 1 and T = 10.
regions. We hope that studying quantum annealing with
variant spins, and utilizing the insight of their reduced
model will promote further development of high perfor-
mance quantum annealer.
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9SUPPLEMENTAL INFORMATION
We have shown in (13) that the quantum Wajnflasz–
Pick model with the N -spins with (gu, gl) = (2, 1) can be
reduced into the spin-1/2 model. In the single-spin case,
in particular, if we take
|φu〉 = 1√
2
(1, 1, 0)T, (28)
|φl〉 = (0, 0, 1)T, (29)
the Hamiltonian (1) projected into the Hilbert space
spanned by |φu,l〉 is represented by
Hˆ(s) =
(〈φu| Hˆ(s) |φu〉 〈φu| Hˆ(s) |φl〉
〈φl| Hˆ(s) |φu〉 〈φl| Hˆ(s) |φl〉
)
(30)
=
(−hzs− 2ωh′(s) −2√2h′(s)
−2√2h′(s) hzs
)
. (31)
It can be clearly found that this representation is exactly
the same form as the block matrix shown in (10).
In this Supplementary Material, by generalizing this
idea, we show that the quantum annealing problem of the
quantum Wajnflasz–Pick model with the N -spins with
arbitrary number of degeneracy gu,l can be reduced into
the spin-1/2 model. First, consider the Hamiltonian of
the quantum Wajnflasz–Pick model
Hˆ(s) = sHˆz + (1− s)Hˆx, (32)
where Hˆx ≡ −
∑N
i=1 h
x
i τˆ
x
i with h
x
i > 0, and Hˆz ≡
f(τˆz1 , . . . , τˆ
z
N ) can be expanded in the Maclaurin series.
Equation (32) is a generalization of (1) with (2) and (3).
We here introduce eigenstates of a single spin τˆzi at a site
i as
|u1〉i , |u2〉i , . . . , |ugu〉i , (33)
|l1〉i , |l2〉i , . . . , |lgl〉i , (34)
where |uk〉i for k = 1, 2, · · · , gu and |lk〉i for k =
1, 2, · · · , gl are eigenstates whose eigenvalues of τˆzi is +1
and −1, respectively.
In the following, we first prove a lemma I: if the param-
eter ω is a real number, the Hamiltonian of the N -spin
quantum Wajnflasz–Pick model can be decomposed into
two parts
Hˆ = Pˆ HˆPˆ + (1ˆ− Pˆ )Hˆ(1ˆ− Pˆ ), (35)
where Pˆ ≡ ⊗Ni=1 Pˆi with Pˆi = |φu〉i 〈φu|i + |φl〉i 〈φl|i is
a projection operator. A local projection operator Pˆi is
spanned by two bases |φu,l〉i, where
|φu〉i ≡
1√
gu
gu∑
k=1
|uk〉i , (36)
|φl〉i ≡
1√
gl
gl∑
k=1
|lk〉i . (37)
It indicates that the Hilbert space of the quantum
Wajnflasz–Pick model can be reduced to a subspace
spanned by |φu,l〉i. We also prove a lemma II: if the
parameter ω is a real number and the condition ω > −1
holds, the ground state of the initial Hamiltonian Hˆx
with hxi > 0 is an element of the Hilbert space spanned
by |φu,l〉i. According to these two lemmas I and II, in
the case where ω ∈ R and ω > −1, the quantum an-
nealing problem in the quantum Wajnflasz–Pick model
is represented as a model where the local spin has two
states—the spin-1/2 model.
We first consider the lemma I. Since Pˆ 2 = Pˆ , a neces-
sary and sufficient condition providing (35) is given by[
Pˆ , Hˆ
]
= 0. (38)
The condition (38) can be reduced into[
Pˆ , Hˆ
]
= s
[
Pˆ , Hˆz
]
+ (1− s)
[
Pˆ , Hˆx
]
= 0. (39)
Here, we will easily prove that [Pˆ , Hˆz] = 0, for the pro-
jection operator Pˆ is composed of bases that diagonalize
Hˆz. Indeed, since Hˆz is composed of τˆ
z
i , what we need
to show is
[Pˆi, τˆ
z
i ] = 0. (40)
A spectral representation of the single-spin operator τˆzi
can be represented by eigenstates of τˆzi , given in the form
τˆzi =
gu∑
k=1
|uk〉i 〈uk|i −
gl∑
k=1
|lk〉i 〈lk|i . (41)
The projection operator Pˆi is also composed of eigen-
states of τˆzi . We can thus immediately conclude that
(40) holds, which provides [Pˆ , Hˆz] = 0. The result (40)
can also provide the following representation
τˆzi = Pˆiτˆ
z
i Pˆi + (1ˆi − Pˆi)τˆzi (1ˆi − Pˆi). (42)
The remain we need to prove is
[
Pˆ , Hˆx
]
= −
N∑
j=1
hxj
[
N⊗
i=1
Pˆi, τˆ
x
j
]
= 0. (43)
The necessary and sufficient condition for (43) for arbi-
trary hxj is
[Pˆi, τˆ
x
i ] = 0, (44)
because we can expand a term in (43) in the following
way[
N⊗
i=1
Pˆi, τˆ
x
j
]
=
(
j−1⊗
i=1
Pˆi
)[
Pˆj , τˆ
x
j
] N⊗
i=j+1
Pˆi
 . (45)
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In order to show (44), it is convenient to introduce the
spectral representation of the single-spin operator τˆxi ,
given by
τˆxi =
1
c
(ωAˆi + Bˆi + H.c.), (46)
where
Aˆi ≡
gu∑
k,k′=1
k>k′
|uk′〉i 〈uk|i +
gl∑
k,k′=1
k>k′
|lk′〉i 〈lk|i , (47)
Bˆi ≡
gu∑
k=1
gl∑
k′=1
|uk〉i 〈lk′ |i . (48)
Here, a constant c is the normalization factor such that
the spectral norm of τˆxi is to be unity. We can also rep-
resent τˆxi as
τˆxi =
1
c
[
1
2
<ω
(
Aˆui + Aˆ
l
i
)
+ i=ωAˆi + Bˆ′i + H.c.
]
(49)
where
Aˆui ≡gu |φu〉i 〈φu|i −
gu∑
k=1
|uk〉i 〈uk|i , (50)
Aˆli ≡gl |φl〉i 〈φl|i −
gl∑
k=1
|lk〉i 〈lk|i , (51)
Bˆ′i ≡
√
gugl |φu〉i 〈φl|i . (52)
Here, <ω and =ω in (49) are the real and imaginary parts
of ω, respectively. By using the representation (49), we
can obtain the following result:[
Pˆi, τˆ
x
i
]
= [|φu〉i 〈φu|i , τˆxi ] + [|φl〉i 〈φl|i , τˆxi ]
= i=ω(Cˆui + Cˆ li + H.c.), (53)
where
Cˆui ≡
1
c
√
gu
gu∑
k=1
(2k − gu − 1) |φu〉i 〈uk|i ,
Cˆ li ≡
1
c
√
gl
gl∑
k=1
(2k − gl − 1) |φl〉i 〈lk|i . (54)
From the result (53), we find that (44) holds in the case
where ω is a real number: =ω = 0, which provides
τˆxi = Pˆiτˆ
x
i Pˆi + (1ˆi − Pˆi)τˆxi (1ˆi − Pˆi). (55)
As a result, (38) is found to be hold, and the Hamiltonian
Hˆ are reducible and block diagonalizable, independent of
the time s as well as a structure of the spin coupling.
Finally, we will prove the lemma II, where the ground
state of the initial Hamiltonian Hˆx with h
x
i > 0 is an
element of the Hilbert space spanned by |φu,l〉i, if the
conditions ω ∈ R and ω > −1 hold. In the following, we
assume that the parameter ω is a real number. Since the
initial driver Hamiltonian Hˆx is a sum of a single-site spin
operator−hxi τˆxi with hxi > 0, let |Ψ(s = 0)〉 ≡
⊗N
i=1 |ψ0〉i
be the initial ground state, where |ψ0〉i is the ground state
of −hxi τˆxi with hxi > 0. In order to prove the lemma II,
it is sufficient to show that the state |ψ0〉i is an element
of the Hilbert space spanned by |φu,l〉i.
We construct eigenstates of −τˆxi , whose number is
(gu + gl), given in the form
|mu〉i ≡
1√
gu
gu∑
k=1
e2pii(k−1)mu/gu |uk〉i (56)
|ml〉i ≡
1√
gl
gl∑
k=1
e2pii(k−1)ml/gl |lk〉i (57)
|λ±〉i ≡
√
gua± |φu〉i +
√
gl |φl〉i , (58)
where mu,l = 1, 2, . . . , gu,l − 1. Eigenvalues of −τˆxi for
|mu,l〉i are given by ω/c. The states |λ±〉i become eigen-
states of −τˆxi , if we take
a± ≡ (gu − gl)ω ∓
√
(gu − gl)2ω2 + 4gugl
2gu
, (59)
whose eigenvalues of −τˆxi are given by
λ± =
1
c
{(
1− gu + gu
2
)
ω ± 1
2
√
(gu − gl)2ω2 + 4gugl
}
.
(60)
These eigenstates |mu,l〉i and |λ±〉i are orthogonal. We
can find that the relations λ+ > λ− as well as (ω/c) > λ−
hold in the case where ω > −1. As a result, hxi λ− is
the minimum eigenvalue of −hxi τˆxi with hxi > 0, and the
ground state is |λ−〉i =
√
gua− |φu〉i +
√
gl |φl〉i, which
indicates that the initial ground state is an element of
the Hilbert space spanned by |φu,l〉i.
To summarize, in the case where ω is a real number
and ω > −1 holds, the quantum annealing problem in the
quantum Wajnflasz–Pick model can be exactly described
by the reduced Hilbert space spanned by |φu,l〉i.
As in panel (b) in Fig. 5, we can find that the level
crossing with respect to the ground state emerges twice
while annealing. It might be expected as the emergence
of the double first order phase transition while annealing
discussed in Ref. [30], where the system may come back
to the ground state at the end of the annealing. How-
ever, there is no Landau–Zener tunneling between them,
because we find no matrix elements between these level
crossing states. In the case where =ω 6= 0, non-zero value
of matrix elements emerges between the Hilbert space
projected by Pˆ and their orthogonal complement, which
provides the anti-crossing of energy levels. In this case,
discussion of the quantum annealing will become more
complicated than that in the present study. At non-zero
temperature case, the Schro¨dinger dynamics employed
in this paper is not applicable, and it will be important
to consider lower energy states in the Hilbert space pro-
jected by Pˆ as well as those in their orthogonal comple-
ment.
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